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Abstract 

We consider a class of Nemytskii superposition operators that covers the nonlin- 
-H- ' ear part of traveling wave models from laser dynamics, population dynamics, and 

chemical kinetics. Our main result is the C 1 -continuity property of these operators 
over Sobolev-type spaces of periodic functions. 
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1 Motivation and main result 

Development of a bifurcation theory for hyperbolic PDEs encounters significant difficulties 
caused by the fact that hyperbolic operators have worse regularity properties in compar- 
ison to ODEs and parabolic PDEs. Such a theory has to cover one- and multi-parameter 
bifurcations (both local and global), stability of bifurcating solutions, and periodic syn- 
chronizations. For hyperbolic problems all these topics currently remain challenging re- 
search directions. In each of them, investigation of smoothness properties of Nemytskii 
superposition operators plays an important role. 

Not losing potential applicability to the aforementioned topics, here we consider Ne- 
mytskii operators in the context of the traveling wave models from laser dynamics [14, 
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17, 18]. The models describe the dynamics of multisection semiconductor lasers. They 
include a semilinear first-order one-dimensional hyperbolic system. 

As an additional source of motivation, note that some problems of population dynam- 
ics [7, 8, 9, 15], chemical kinetics [2, 3, 19, 20, 21], and kinetic gas dynamics [6, 10, 16] 
have the same hyperbolic operator. Thus, our analysis applies to those problems as well, 
even when they have a different type of boundary conditions. 

In the case of the traveling wave models, we deal with periodic-Dirichlet problems and 
our overall goal is to provide a bifurcation analysis for them. The basic idea is to apply 
techniques based on the Implicit Function Theorem in Banach spaces and the Lyapunov- 
Schmidt reduction (see, e.g., [5, 11]). The first problem to solve on this way is to establish 
the Fredholm solvability of the corresponding linearized problems, what is done in [12, 13]. 
To make the linearization procedure correct and to solve the so-called "range" equation 
(obtained after a Lyapunov-Schmidt reduction) via Implicit Function Theorem, we would 
need appropriate smoothness properties of the Nemytskii superposition operators with 
respect to the function spaces used in [12, 13]. The results obtained in this paper are 
sufficient to achieve this goal. 

Due to the great importance of Nemytskii operators in the theory of nonlinear equa- 
tions, their smoothness properties in different function spaces were extensively studied 
(see, e.g., [4]). Here we involve into consideration new function spaces important for 
solving nonlinear hyperbolic PDEs. 

To state our main result, let us introduce the function spaces we are working with: 
For 7 > we denote by W 1 the vector Banach space of all locally integrable functions 
u : [0,l]xl4 R n such that u(x,t) = u(x,t + 2n) for almost all x G (0, 1) and iel 
and that 



u 
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u(x,t)e dt 



dx < oo. 
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Here and throughout || • || is the Hermitian norm in C n . 
anisotropic Sobolev space of all measurable functions u : 
u(x,t) = u(x,t + 2ir) for almost all x G (0,1) and t 6 I 



In other words, W 1 is the 
[0, 1] x R ->• W 1 such that 
and that the distributional 



partial derivatives of u with respect to t up to the order 7 are locally quadratically 



integrable. Furthermore, given a G L°° ((0, 1) 
introduce the function spaces 



with ess inf \aA > for all j < n, 



we 



K 7 = iu G W 1 : d x ue W^~\ [d tUj + ajd xUj ^ =1 ewA 

endowed with the norms 

2 
[d t Uj + ajd x u 3 ] n j=l 
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In the notation V 1 we drop the dependence of this space on a. It should be stressed that 
our results hold true for each a. Note that the space V 1 is larger than the space of all 
ueW~< with d t u G W and d x u G W^. 

We will focus on the pair of function spaces (V 2 , W 2 ), for which we prove our main 
result given by Theorem 1. It is important that V 2 is embedded into the algebra of 
(continuous) functions with pointwise multiplication (see Assertion (ii) of Lemma 2 and 
the embedding (5) below). This will allow us to use pointwise nonlinearities for the 
description of our Nemytskii operators. 

Given a function f(x,u) : (0, 1) x R n — > R defined for almost all x G (0, 1) and all 
y G R™, let 

[F(u)](x,t) = f(x,u(x,t)). (3) 

We will show that F is a C 1 -smooth superposition operator from V 2 into W 2 . 

For the sake of technical simplicity and without loss of generality we will suppose that 
n — 1. 

Theorem 1 Suppose that /(•, •) G L°° (0, 1; &[-M, M]) for each M > 0. Then F(u) G 
C\V 2 ,W 2 ). 

It should be emphasized here that, by physical reasons, the function / can have dis- 
continuities with respect to the first argument, and the assumption of the theorem covers 
such cases. 

Note also that under additional regularity assumptions on /, we can extend Theorem 1 
to any desired smoothness of the operator F and to the pair of spaces (V 1 , W 1 ) for any 
integer 7 > 2. 

2 Properties of the used function spaces 

As usual, by H 1 (0, 1) we denote the Sobolev space of all functions u G L 2 (0, 1) such that 
the weak derivative u' belongs to L 2 (0, 1). The norm in -ff 1 (0, 1) is defined by 
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Similarly, by H l ((0, 1) x (0, 2ir)) we denote the Sobolev space of all functions u G L 2 ((0, 1) 
x (0, 27r)) such that for every multiindex a = (a±, a^) G Nq with |a| < 1, the weak partial 
derivative D a u belongs to L 2 ((0, 1) x (0, 27r)). The norm in H 1 ((0, 1) x (0, 27r)) is given 
by 



1 (-2-K 
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Pllif 1 ((0,l)x(0,27r)) 
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Moreover, by H 1 ((0, 2-7r); H 1 (0, 1)) we denote the abstract Sobolev space of all locally 
quadratically Bochner integrable maps u : (0, 2-k) — > H 1 (0, 1) such that the distributional 
derivative u' is also locally quadratically Bochner integrable, with the norm 
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Note that the space H 1 ((0, 27r); i/ 1 (0, 1)) is smaller than the classical Sobolev space 
H 1 ((0, 1) x (0, 27r)), and we have the continuous embeddings 

H 1 ((0, 1) x (0, 2tt)) =->■ I7((0,l) x(0,2tt)) forallpG [2,oo), (4) 

^((0,2^); ^(0,1)) <-+ C([0,1]x[0,2tt]), (5) 

see [1, Theorem 5.4]. 

We now establish some properties of the function spaces V 1 and V 2 introduced in 
Section 1, which are needed for proving Theorem 1. 

Lemma 2 We have the following continuous embeddings: 
(i) V 1 <^ H 1 ((0,1) x (0,2k)); 
(u)V 2 ^ H l ((0,2n);H l (0,1)). 

Proof. Notice the continuous embedding 

V 1 <-> W 1 -> W^ 1 , 7 > 1, (6) 

that is a straightforward consequence of the definitions of the spaces V 1 and W 1 . 
(i) Take u G V 1 . Then w G W l and, therefore, d t w G W° with 

||<9<m||^o < ||«||^o + ||$m||w° = \\ u \\w^ < Ikllyi- ( 7 ) 

Moreover, by the definition of V 1 , we have d t u + a9 x u G Vr 1 . On the account of the 
embedding (6), 

\\d t u + oSjiill^o < ||9 t M + o9 x ti||^i + ||m||^i = \\u\\ v i. (8) 

By triangle inequality 

||o9 x ti||^ - ||<9 t M||^ < \\d t u + adxuWlyo. (9) 

Since a G L°°(0, 1) with ess inf \a\ > 0, it follows by (7)-(9), that 

||9 x ti|| W < C||«||yl, 



where the constant c does not depend on u. Therefore 

\\u\\ W o + ||da;U||wo + ||9 t u||^o < (2 + c)||li||yi. 

To finish the proof of this part, it remains to note that W° = L 2 ((0, 1) x (0, 2ir)). 

(ii) We proceed similarly: Take u G V 2 . Then u G W 2 , and we have u as well as dfU 
and d x u in W 1 . Moreover, IHIw/ 1 < IMIiy 2 < IMIv 2 an d ||(9i-u||^yi < ||w||vk 2 < IMIv 2 - 
This implies that ||d x u||wi < c||w||y2, where the constant c does not depend on u. Claim 
(ii) readily follows from these estimates. □ 

The following fact is similar to the density result for Sobolev spaces (see [1, Section 
III]) and proved by the same method. 

Lemma 3 The subspace C°° fl V 2 is dense in V 2 . 

Proof. Set n = (0, 1) x (0, 2ir). By periodicity, speaking of a function in V 2 , we can 
assume its restriction to II. We will use this convention in the course of the proof of the 
lemma. 

Let ip be a non- negative C°°(lR 2 )-function that vanishes outside a unit disk and satisfies 
the condition J tp(x) dx = 1. Take u G V 2 and consider its regularization defined by 

u £ (x, t) = — / u(£, r)ip ( , J d£dr 

for e < dist ((x, t), dH). Due to the properties of the convolutions, for any strict sub- 
domain IT C II it holds d^u £ — ¥ d^u and <9f [d x u £ ] — >■ <9f [9 x w] in L 2 (IT) as e — > for 
a = 0,1,2 and /3 = 0, 1 (see [1, Section III] for details). This implies, in particular, that 
v £ — > v in L 2 (IT) as e — > 0, where t> = d t u + a{x)d x u and t> £ = <9 t w e + o(x)9 x w e . Now we 
intend to prove that u e — > u in V 2 on II' as e — > 0. It suffices to show that <9 t Q w £ — > d"v 
in L 2 (IT) as e — >• for a = 1, 2. Fix £o < dist (IT, (911) and consider £ < eq. Then for any 
V> G C °° (II') we have 

(d t u £ (x, t) + a(x)d x u e (a;, £)) d^ip(x, t) dxdt 
ii' 

= — / / [<9 t w + a9 x w] (x — £, £ — r)(p ( -, - ) d^ip(x, t) dC,drdxdt 
£ Jr 2 Jm 2 \ £ £ J ' 

(_l)a /• /• /* r \ 

= — - — / / <9" [<9 t w + ad x u\ (x — £, t — r)(p I -, — J ip(x, t) d^drdxdt 

£ JR 2 JR 2 \ e E J 

= (-l) Q I d?(v) £ (x,t)ip(x,t)dxdt. 
Jw 



Therefore, d" (v e ) (x, t) = (d"v) £ (x, t) in the sense of distributions on IT. Since d"v G 
L 2 (n) for a = 1,2, 

Jim \\d?v e - d?v\\ L2{uf) = Jim \\(d?v) e - d?v\\ L2{ni) = 0, 

as desired. 

Consider now the following locally finite open covering of II: 

IT = Ux,t) e n : dist((x,t),9n) > -I, 

n, = Ux,t)eU: -^<dist((x,t),dU)<-^\, j>2. 

Let 771,772, ... be a partition of unity subordinate to the covering {IL, +1 \ 11^ _ 1 } . Then, 
given j > 1, the product rjjU is in V 2 and has support contained in IT,-. Consider now the 
mollification (i]ju) e . Given 6q > 0, we can choose a sequence Ej such that 

Sj < dist (n i+ i,<9n i+3 ) and \\{j] j u) £] - r)ju\\ V 2 < — i-L 

Let u> = Yl'jLiiVj^ey It follows from the definition of the partition of unity that at each 
X G IT only finitely many terms in the sum are nonzero. Since each term is smooth, this 
implies w G C°°(IT). Moreover, using the triangle inequality, we have 

n+2 00 

\\w - u\\ V 2 < Y^ \\(Vju)ej - vM\v* < J2^~ J = e , 

3=1 3=1 

where || • ||y2 is defined by (2) with the integral over 



IIi/„ = j (x, t) G n : dist ((x, t), dU) > - I 



in place of the integral over II. This yields 

\\w — u\\ V 2 = SUp \\w — u\\ V 2 < £ - 
n>l 

Since e > is arbitrary, the set Y^j=i(Vj u )ej, n > 3, is the desired dense set from C°°nV 2 . 



3 C 1 -smoothness of the Nemytskii operator from V 2 
into W 2 (proof of Theorem 1) 

We split the proof into two lemmas. 

Lemma 4 The superposition operator F given by the formula (3) maps V 2 into W 2 . 

Proof. For any function u G V 2 , denote by F'(u) and F"(u) the superposition 
operators by putting, for almost all x G (0, 1), 

[F'(u)](x,t) = (d u f)(x,u(x,t)), 

[F"(u)](x,t) = {d 2 j)(xMx,t)). 

As V 2 c — >■ C([0, 1] x [0, 27r]) continuously (see Lemma 2 (ii) and the embedding (5)), we 
can identify any u G V 2 with a uniformly continuous and 27r-periodic in t function on 
[0, 1] x R. Furthermore, we have the inequality 

||w||c([o,i]x[o,2jr]) < ColMlv 2 for all ueV 2 , (10) 

the constant Co being independent of u. Combining this with the smoothness assump- 
tions on /, we conclude that, given u G V 2 , the functions [F(u)](x,t), [F'(u)](x,t), and 
[F"(u)](x,t) belong to L°° ((0, 1) x (0,2tt)). 

Claim 1. F(u) maps V 2 into W l . Fix an arbitrary u G V 2 , set 

K = ll M llc([0,l]x[0,27r]), (11) 

and consider (u m ) m£ % to be a sequence in C°° fl V 2 converging to u in V 2 . By (10), we 
have this convergence also in C ([0, 1] x [0, 2n]). For almost all x G (0, 1) and all t G M 
we have 

[d t F(u m )}(x,t) = [F'(u m )](x,t)d t u m (x,t). (12) 

Let us show that 



F'(u m )d t u m -»■ F'(u)d t u in L 2 ((0, 1) x (0, 2vr)) asm^oo. (13) 



Indeed, 



1 2tt 



//l^(«")«»--n«)«»l^* 

1 2tt 

2 f f \F'(u m ) - F\u)\ 2 \d t u m \ 2 dxdt 





1 2tt 



< 





1 2-k 



+ 



ill \F\u)f \d t u m - d t u\ 2 dxdt 



(14) 



o o 

1 2tt 1 



< 2 




(d 2 J)(x,au m + (l-a)u)da 




1 2tt 



\u m - u\ 2 \d t u m \ 2 dxdt 




+2 



< 2 llu" 



\(dj)(x,u)\ 2 \d t u m -d t u\ 2 dxdt 



1 1 2 II o2 i* 1 1 1 1 £) m 1 1 ^ 

M|lr.nniK,[nn-n "°uJ \\ r.°°( (n U-* (-HK-HTC^ W° tU \\W° 



IC([0,l]x[0,27r]) 



L°°((0,l)x(-3K;3K)) 

+ 2 \\duf\\lo omi)x{ _ K . K)) \\d t u m - d t u\\ 2 w0 . 



(15) 



The latter inequality is true for all sufficiently large m EN. Since (w m ) me N converges to u 
in V 2 and V 2 «->■ L 2 (0, 1; H^(0, 2vr)), the sequence (d t u m ) meN is bounded in L 2 ((0, 1) x (0, 2vr)) 
and converges to d t u in L 2 ((0, 1) x (0, 27r)). This shows the convergence (13). It follows 
by Holder's inequality that for any <p G T> ((0, 1) x (0, 2tt)) 



1 2?r 



/ / (F(u)d t <p + F'(u)d t u(p) dxdt 



(16) 







lim 

m— >oo 



1 2tt 




(F(u m )d t ip + F'(u m )^"V) dxdt 



.0 



By (12), the expression under the limit sign is equal to zero. Hence (16) implies 



1 2tt 




(F(u)d t ip + F'(u)d t uip) dxdt = 







for any tp G T> ((0, 1) x (0, 2tt)). This means that F(u) has a weak partial derivative in t 
given by the formula 

d t F{u) = F\u)d t u. 

Recall that [F'(u)}(x,t) G L°° ((0, 1) x (0,2vr)) and <9 t w G L 2 ((0, 1) x (0,2tt)). It is im- 
mediate that [d t F(u)](x,t) G L 2 ((0, 1) x (0,2tt)) and therefore [F(u)](z,t) G W^ 1 . Since 
m e F 2 is arbitrary, the desired assertion is therewith proved. 

Claim 2. F(u) maps V 2 into W 2 . As above, fix an arbitrary u G V 2 and choose 
e z as in Claim 1. Similarly to the proof of Claim 1, one can show the convergence 

F"(u m ) (d t u m ) 2 + F'(u m )d 2 u m ->■ F"(u) (d t u) 2 + F\u)d 2 u , , 

inL 2 ((0, 1) x (0,2tt)) asm^oo ^ ' 
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and that 



d 2 F{u) = F"{u) {d t uY + F'{u)d 2 u. 



The only difference appearing here concerns the estimation of the following integral: 



1 2-k 




2I 2 



F"(u m ) (d t u m y - F"{u) (d t uY\ dxdt 







1 2tt 




I £i „.m\4: 



<2 Ud 2 J)(x,u m )-(d 2 J)(x,u) Hdtu^dxdt 





1 2tt 




2|2 



+2/ (d 2 J)(x,u)n(d t u m ) -(dtuY dxdt 



o o 



1 2tt 



<2 








(d 3 J) (x, au m + (1 - a)u) da 



\u m - u\ 2 \d t u m f dx dt 



+2K/ 1 ' 2 



2?r 



L°°((0,l)x(-K;ii")) 

x / \\d t u m (x,-)-d t u(x,-)\\ 2 Loo{ ^ 2n) dx I \\d t u m (-,t) + d t u(-,t)\\ z Loo{0 ^ dt 



< 2 ll(9 3 fll 2 

— ^ \\ U uJ \\lo 



j2*ll 2 



((0,l)x(-3i : s:;3i : S')) I 
1 



l^-uHcH^I^ 



+ 2 R/|Il-((0,1)x(-^)) / ll^ m (2V)- W^-)||ioc (0)27r) 



dx 



2 71 



xy \\d t u m (;t) + d t u(;t)\\ 2 Loo(0A) dt, (19) 



where the constant K is defined by the formula (11). The right hand side tends to zero 
by Lemma 2, the embedding (4), and the embedding 

V 2 m- W 2 <-* L 2 (0, 1; C^O, 2tt]). 

Turning back to (18), we obtain [<9 2 F(w)](:r, i) G L 2 ((0, 1) x (0,2vr)). Hence [F(u)](x,t) 6 
W 2 as desired. D 

Lemma 5 TTie mapping u G V 2 — » -F('u) G Vr 2 zs C 1 -smooth and for all u,v G V" 2 it 

[F'(w)u] (x, t) = (9„/)(x, u(x, t))v(x, t). (20) 
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Proof. We now prefer to work with the following norm in W 2 : 

W w \\w2 = \\ d t w \\w°- ( 21 ) 

Note that it is equivalent to the l^ 2 -norm introduced by (1). 

To prove the continuity of the mapping mGVM F(u) G W 2 , fix an arbitrary u &V 2 . 
On the account of the expression (18) for d 2 F(u) and the estimates (14) and (19) with u m 
replaced by u + v, we derive the following inequality for all v G V 2 with \\v ||y2 < K/Cq, 
where the constant C is fixed to satisfy (10) and K is determined by (11): 

^\\d 2 F(u + v)(x,t)-d 2 F(u)(x,t)\\ 2 w0 < 

II^m/IIl°°((0,1)x(-3K,3,R'))II<9h' U + ' U )llL2(0,l;L° o (0,27r)) 
X\\d t (u + 'w)||L 2 (0,27r;L° o (0,l))lrllc([0,l]x[0,27r]) 

+ \\duf\\L°°((0,l)x(-K,K))\\dt{'2u + V)\\ L 2^2 n .L^(0,l))\\^tV\\ L 2^ 1 . L oo(o t 2-K)) 

i 1 1 ^)2 r 1 1 2 1 1 o2 / I \ 1 1 2 1 1 1 1 2 

-nl°W \\L°°((0,l)x(-3K,3K))\\ a t V u + ^JIIvrolrllcdO.llxIO^Tr]) 

+ \\duf\\L°°((o,i)x(-K,K))\\dt v \\w° — ^Irlly 2 ' 
the constant C being dependent on / and u, but not on v. We conclude that 

\\d 2 F(u + v)(x,t)-d 2 F(u)(x,t)\\ 2 w0 = O(\\v\\ 2 v2 ) 

as ||f||y2 — > 0. The continuity of F is therefore proved. 

Let us now show that the operator u — > F{u) is continuously differentiable. Fix u G V 2 
and introduce the bounded linear operator G : V 2 — > W 2 defined by the formula 

[G(u)v](x,t) = (d u f)(x,u(x,t))v(x,t). 

From the smoothness assumptions on / and the proof of Lemma 4 it follows that (d u f)(x, u(x, £)) G 
W 2 . Since V 2 <—¥ W 2 continuously, W 2 is an algebra of functions, and v G V 2 , the cor- 
rectness of the definition of the operator G is straightforward. 

Our next concern is to show that F is differentiable in u and that F'(u) = G(u). 
Similarly to the above, fix u G V 2 and consider w G V 2 with ||w||y2 < K/Cq, where Cq 
is a certain constant satisfying (10) and K is specified by (11). It follows by (10) that 
||Hlc([o,i]x[o,27r]) ^ K. The desired assertion now follows from the following estimate: 

||F(u + w)(x, t) - F(u)(x, t) - [G(u)w](x, t) \\ w2 
= \\f(x,u + w)-f(x,u) - (d u f)(x,u)w\\ W 2 
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w / [(d u f)(x,u + aw) - (d u f)(x,u)] da 

b 



w 2 



1 1 

.2 / / _/o2 



w a(d u f)(x,u + ao\w) dadai 





W /2 



4 2 



1 1 

.2 / / _/o2 




»' / / a(d u f)(x,u + craiw) dodo\ 

o o 

i i 

)2.„ , ;) ,„\2\ / / _/q2 



U'» 



2(wd t w + (d t w) ) / / a(d u f)(x,u + craiw) dadfJi 
o o 



i i 

.2 / / _/o4. 



+w / / a(d u f)(x, u + (j(T\w) [d t u + aaid t w] dadai 

o o 
i i 

+u> 2 / / o-(d^f)(x,u + craiw) [d^u + aaid^w] dadai 



o o 



i i 



+2wd t w / / a(dlf)(x,u + craiw) [d t u + at7id t w] dadai 
o o 

< 4 (lklli4 + ||<9 t w||i4 + IMMMIc) II/(- > 0IU~((o ) i),c4(-3jc,3jo) 



X 1 + I|-u||w2 + 



L 4 ((0,l)x(0,27r)) 



+ W L/2 + \\w\ 



W" 



L 4 ((0,1)x(0,2tt)) (• 



In the last inequality we again used Lemma 2 and the embedding (4). The continuous 
differentiability of F is proved, which completes the proof of the lemma. □ 
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